Girraween High School

2024 Year 12 Mathematics Extension 1
Task 3, July-2024

General Instructions e Working Time - 90 minutes

Write using black or blue pen only

Calculators approved by NESA may be used

For questions in Section II, Show relevant athematics

reasoning and/ or calculations

Total Marks: 75 Section I - 5 marks (pages 1-3)
e Attempt questions 1-5
e Allow about 10 minutes for this section
Section II - 70 marks (pages 4-8)
e Attempt questions 6-11

e Allow about 80 minutes for this section



Section 1

Multiple Choice Questions

Question 1 (1 mark)
Which of the following sketches represent y = cos™ (cos(x))?
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Question 2 (1 mark)

Consider a projectile launched with an initial velocity v at an angle 6 to the horizontal.

2

Assume that ¢ = 9.8ms™ and that air resistance is negligeble. Which of the following

statements is correct?
A. The acceleration of the projectile decreases during its upward flight.
B. The acceleration of the projectile remains constant during its entire flight.
C. The acceleration of the projectile is greatest during its upward flight.

D. The acceleration of the projectile increases during its downward flight.

Question 3 (1 mark)

2
What is the value of / v
-1 1+[E2
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Question 4 (1 mark)
1
The area of a sector in a circle is given by the formula A = 51“29. The radius r is fixed

but the angle 0 is increasing at a constant rate. The rate of change of A is:
A. zero
B. decreasing
C. increasing

D. constant



Question 5 (1 mark)
What volume of solid of revolution is formed by rotating the area enclosed by the function

y = €%, the line y = €2, and the y— axis about the y— axis.

(]

- >
2
A. V:ﬂ'/ (In x)* dx
0
2
B. V:ﬂ'/ e* dx
0
C. V:ﬂ'/ (Iny)* dy
1
62
D. V:ﬂ'/ e dy
1



Mathematics Extension 1
Section II

70 Marks
Attempt Questions 6-11

Allow about 80 minutes for this section

Question 6 (11 marks)

(a) i. Find the domain and range of the function y = 4 cos™ (%)

ii. Sketch the graph of the curve y = 4 cos™! (g) clearly showing the coordinates
of the endpoints.

iii. Find the area of the region in the first quadrant bounded by the curve

y =4cos! (%) and the coordinate axes.

(b) By writing the expansion of tan(a — ), show that

tan~! 1 —tan~! 1 = tan~! 2
2 4 9

(c) Find %(m sin™! 7)

Question 7 (12 marks)

(a) Solve in the simplest exact form the equation 2sin™!(2z — 1) + g = 0.

2
(b) If f(z) = tan™! (—) find the equation of the tangent to the curve at the point
x

where x = 2.

(c) Use the substitution u = 2z — 1 to find /x V2 — ldx

1 /4
(d) i. Use the substitution x = tan®# to show that / Ve dx = / 2sin” 6 df
o (I+2) 0

1 \/E
ii. Hence find in simplest form the value of / ———=dx.
o (1+z)?

Exam continues on the next page



Question 8 (11 marks)
An astronaut fires a small experimental projectile across a level surface at an angle of

60° with speed 24m/s. The acceleration due to gravity is 9.8m/s?
(a) Find the horizontal and vertical components of V'(0)
(b) Starting with & = 0 and §j = —9.8. Find 4 and .

¢) Hence, find x and y.

(
(d) Find the total time of flight.
e

f

)

)

)

)
(e) Find the greatest height reached.
(f) Find the range of the flight.

Question 9 (13 marks)

(a) The diagram shows a conical drinking cup of height 12 cm and radius 3cm.
The cup is being filled with water at the rate of 2cm? per second. The height of the

water at time t seconds is h cm and the radius of the water’s surface is r cm.

C_ 5

)
v 12¢m
\

1
1. Show that r = Zh. Give a reason.

ii. Find the rate at which the height is increasing when the height of the water is

8cm.

Question 9 continues on the next page
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(b) Heat is applied to a metallic disc for ¢ seconds.

Its area, A cm?, increases at a rate given by:
a4 _ 2 —2t+1
dt
i. Find the rate at which the area of the metallic disc is increasing at the end of
the third second.

ii. Before heat is applied the area of the metallic disc is 10cm?.
Heat is then applied to the metallic disc for 3 seconds.
What is the area of this disc at the end of three seconds?

(¢) A household iron is cooling in a room of constant temperature 23°C. At time ¢

minutes its temperature 7' decreases according to the equation

ar
o —k(T — 23) where k is a positive constant.

The initial temperature of the iron is 90°C' and it cools to 70°C" after 10 minutes.

i. Verify that T = 23 4+ Ae~* is a solution of this equation where A is a constant.

ii. Find the exact values of A and k.

iii. How long will it take for the iron to cool to a temperature of 40°C?

Give your answer to the nearest minute.

Exam continues on the next page



Question 10 (12 marks)

a) The region bounded by the graph y = 3 cos d and the x— axis between z = 0 and
2

x = 7 is rotated about the z— axis to form a solid.

Find the exact volume of the solid.

T+ 2
8

w/4
(b) i. Show that / cos’ v dr =
0

ii. The region under the curve y = cos x + sec x, above the x— axis, between z = 0
m . .
and x = T makes a revolution about the r—axis.

Sr(m + 2)

Show that the volume traced out is units3

9
(c) Consider the shaded region bounded by the curve y = 9 — —, the coordinate axes,
x
and the line y=h as shown in the diagram below.

¥ (cm)

x (cm)

l 1cm

A hollow vase is generated by rotating the section of this curve in the first quadrant
about the y—axis.
The vase is being filled with water at a constant rate of 50cm?/min.

Find the depth h cm of the water at the instant when it is rising at a rate of
50

—ocm/min.

37
Exam continues on the next page



Question 11 (11 marks)

(a) A particle is projected from a fixed point O on a horizontal plane at an angle of
elevation v with speed V' metres per second.

After time ¢, the horizontal and vertical components of its velocity are

x =V cosa y=Vsina— gt
i. Show that the position P(z,y) of the particle at any time as it moves along its

path is given by:
ga? 2
y=xtana — =—(1 + tan® )

212
ii. If the particle is projected from the origin at an angle of 30°, find the speed

required for it to just clear a vertical wall 4m high and 12m away from the

origin. Give your answers correct to 2 decimal places, and take g = 10ms—2

(b) A projectile is thrown at 20 m/s at an angle of inclination « from a lake’s edge
towards a canoe that is 30 meters away and moving away from shore at 3m/s as

shown in the diagram below:

30m

The position vector r(t) of the projectile ¢ seconds after it is thrown is given by

20rcos o :
r(t) = l—5r2 + 20t sin {x:| Do NOT prove this.

i. Show that the projectile lands in the canoe if 20 sin 2ac — 6sina — 15 =0

ii. Find integers a, b and c such that
152 + 9223 + 3022 — 68z + 15 = (322 + 162 — 5)(az? + bz + ¢)

Q@
iii. Use the factorisation in (ii) and the substitution z = tan 5 find solutions for
a so that the projectile lands in the canoe. Give your answers correct to the

nearest degree.

End of Examination
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